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Introduction 

, All considered spaces are assumed to be Ti-spaces. Our terminology comes, 

t:^ ; as a rule, from ([6], [7], [S], [12]). 

A topological space X is called paracompact if X is Hausdorff and every 
' open cover of X has a locally finite open refinement. 

One of the main results of the theory of continuous selections is the following 
CO ' theorem: 

, Theorem 0.1 (E.Michael [9]) For any lower semi- continuous closed- 

valued mapping 9 : X ~^ Y of a paracompact space X into a complete metrizable 
space Y there exist a compact-valued lower semi- continuous mapping (p : X Y 
and a compact-valued upper semi-continuous mapping : X ^ Y such that 
, ^{x) C '4>{x) C 0(^x) for any x G X. 

^ ' Moreover, if dimX = 0, then the selections (p^tjj of 6 are single-valued and 

continuous. 

It will be shown that the existence of upper semi-continuous selections for 
lower semi-continuous closed- valued mappings into a discrete spaces implies the 
paracompactness of the domain (see [1 -5, 11]). 

The aim of the present article is to the determine the conditions on a space 
X under which for any lower semi-continuous closed-valued mapping 6 : X ^ Y 
of the space X into a complete metrizable (or discrete) space Y there exists a 
selection ip : X ^Y ioi which the image f{X) is "small" in a given sense. 

A family 7 of subsets of a space X is star- finite (star- countable) if for every 
element F G 7 the set {L G 7 : L P| F 7^ 0} is finite (countable). 
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A topological space X is called strongly paracompact or hypocompact if X is 
Hausdorff and every open cover of X has a star-finite open refinement. 

The cardinal number 1{X) = min{m : every open cover of X has an open 
refinement of cardinality < m} is the Lindeldf number of X. 

The cardinal number k{X) — min{m : every open cover of X has an open 
refinement of cardinality < m} is the degree of the compactness of X. 

Denote by r"*" the least cardinal number larger than the cardinal number r. 
It is obvious that 1{X) < k{X) < 1{X)+. 

For a space X put lo^X) — [J{U : U is open in X and dimU = 0} and let 
cuj{X) = X \ lo{X) be the co zero- dimensional kernel of X (See [1]). 

Lemma 0.2. Let X be a paracompact space, U be an open subset of X and 
U n cuj{X) ^ 0. Then dim clx{U n aj{X)) ^ 0. 

Proof: See 4\ □ 

A family ^ of subsets of X is called r-centred if nij ^ provided r; C ^ and 

Lemma 0.3. Let X be a paracompact space and r be an infinite cardinal. 
Then: 

1. 1{X) < T if and only if any discrete closed subset of X has cardinality 

< T. 

2. The following assertions are equivalent: 

a) k{X) < T. 

b) Any discrete closed subset of X has cardinality < r; 

^ for any T-centered filter of closed subsets of X. 
Proof: It is obvious. □ 

Assertions 2a and 2c are equivalent and implication 2a 2b is true for every 
space X. 

Lemma 0.4. Let X be a metrizable space and r be an infinite not sequential 
cardinal. Then: 

1. 1{X) < T if and only if w{X) < r. 

2. k{X) < T if and only if w{X) < r. 
Proof: It is obvious. □ 

1 On the degree of compactness of spaces 

A subset L of a completely regular space X is bounded in X if for every contin- 
uous function f : X ^ R the set f{L) is bounded. 

A space X is called fi-complete if it is completely regular and the closure 
clxL of every bounded subset i of X is compact. 

Every paracompact space is /^-complete. Moreover, every Dicudonnc com- 
plete space is /i-complete (see [6]). 

Definition 1.1. Let X be a space and r be an infinite cardinal. Put 
k{X, t) = \^{U : U is open in X and k(clxU) < r} and c{X, t) — X \ k{X, r). 
For every x G X put k{x, X) — min{k{clxU) : U is an open in X neighborhood 
ofx}. 

By definition, k{X,T) = {x <E X : k{x,X) < t}. 
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Lemma 1.2. Let X be a space, t be an infinite cardinal, A} be 

an open discrete family in X and k{X) < r. Then: 

1. \A\<t; 

2. If Xa G n k{X, t) for every a € A, then sup{k{xa,X) : a G A} < t; 

3. If Xa G J7a n c{X,t) for every a G A, then \ A\< cf{T). 

Proof: Since k{X) < r, every discrete family in X has cardinality < r. 

Suppose that Xq, £ f/a H fc(X, t) for every a E A and swp{k{xa, X) : a G 
A} = T. In this case r is a non-regular limit cardinal and cf{T)<\A\<T. From 
our assumption it follows that there exists a family of cardinals {r^ : a G A} 
such that Ta < k{xa,X) for every a G A and sup{Ta : a G A} = r. For every 
a G A there exists an open family of X such that clxUa '^[j^a and | ^ |> 
provided ^ C 7„ and clxUa C [J ^. One can assume that ?7/3 fl F = for every 
a, l3 G A,ay^ l3 and V G 7a. Let 7 = (X \ \J{clxUa : a G A}) U (U{7a : " G 
A}). Then 7 is an open cover of X and every subcover of 7 has a cardinality 
> sup{Ta : a G A} = T, which is a contradiction. 

If Xa G Ua ri c{X,t) for evciy a G A and | A \> cf{T), then there exists 
a family of cardinals : a G A} such that Tq, < r for every a G A and 
supItq; : a G A} = t. Since k{xa,X) = t > Ta for every a G A, one can obtain 
a contradiction as in the previous case. □ 

Lemma 1.3. Let X be a completely regular space, t be a sequential cardinal 
and k{X) < t. Then the set c{X,t) is closed and bounded. Moreover, if X is a 
jJL-complete space, then: 

1. c{X,t) is a compact subset; 

•2- IfY^ k{X,T) is a closed subset of X, then k{Y) < r. 

Proof: If T = Ho, then the space X is compact and k{X,T) is the subset of 
all isolated in X points. Thus the set c{X, r) is compact and every closed in X 
subset of k{X, r) is finite. 

Suppose that r is uncountable. There exists a family of infinite cardinal 
numbers {r„ : n G N} such that t„ < t„+i < r for every n G N and sup{T„ : 
n G N} = T. Suppose that the set c{X,t) is unbounded in X. Then there 
exists a continuous function f : X ^ W and a sequence {x„ G c{X, t) : n G N} 
such that f{xi) = 1 and f{xn+i) > 3 + f{xn) for every n G N. The family 
^ = {U„ = f~'^{{f{xn) - l,/(a;„) + 1)) : n G N} is discrete in X and a;„ G Un 
for every n G N. Then, by virtue of Lemma 1.2, | ^ |< c/(t) = Hq, which is a 
contradiction. Thus the set c{X,t) is closed and bounded in X. 

Assume now that X is a /^-complete space. In this case the set c{X, r) is 
compact. 

Suppose that Y C fc(X, r) is a closed subset of X and k{Y) = t. We affirm 
that sup{k{y,X) : y G Y} < t. For every x G k{X,T) fix a neighborhood Ux 
in X such that k{clxUx) = k{x,X). Suppose that sup{k{y, X) : y G Y} = r. 
For every n G N fix a point j/„ G Y such that k{yn,X) > Tn- Put L = 
{y„ : n G N}. If the set L is unbounded in X, then there exists a continuous 
function / : X ^ R such that sup{/(y„) : n G N} = 00. One can assume that 
/(j/„+i) > 3 + /(y„). The family e = {Un = f-\{f{yn)-l,f{yn) + l)) : n G N} 
is discrete in X and yn G Un Ci k{X, r) for every n G N. Then, by virtue of 
Lemma 1.2, sup{k{yn, X) : n G N} < r, which is a contradiction. Thus the set 
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L is bounded in X. Hence clxL is a compact subset of Y and there exists an 
accumulation point y G dxL \{L \ {y}). In this case y G k{X, r), k{y, X) < t 
and k{y,X) = sup{fc(?/„,X) : n e N} = r which is a contradiction. Hence 
s\ip{k{y, X) : y eY} < t' < T. 

Since k{X) < r, then there exists a subset F' C y such that | |< r", 
r' < t" < T and F C U{C^y : V G F'}. Since k{dxUy) < t' < t" for 
every y e Y' and | F' |< r", then l{[j{clxUy : e F'}) < r" < r. Thus 
/(F) < r" < T and A;(F) < r. □ 

A subspace Z of a space X is paracompact in X if for every open family 
7 = {W^ : ^ £ M} of X, for which Z C U7, there exists an open locally finite 
family rj = {W^ : ji € M} of X such that Z C Ur? and W'^ C for any /x G M. 

Lemma 1.4. Lei X he a regular space, Z he a paracompact in X suhspace, 
T be a limit cardinal number, k{Z) < r and k{Y) < t for every closed suhspace 
YCX\Zofthe space X. Then: 

1. k{X) < T, c(X,t) C Z and k{c{X,T)) < cf{T); 

2. IfYC k{X,T) is a closed subset of X , then k{Y) < r. 

3. Z is a closed suhspace of X. 
Proof: Assertion 3 is obvious. 

Let X £ X\Z. Fix an open subset U oi X such that x gU C clxU C X\Z. 
Then k{clxU) < r and c{X,t) C Z. 

Let 7 be an open cover of X. Since k{Z) < r, there exists a subsystem ^ of 
7 such that 1^1 < T and Z C U^. Let F = X \ U^. Since k{Y) < t, there exists 
a subsystem C of 7 such that \(\ < r and F C U^. Put r] = Then 77 is a 

subcover of 7 and \r]\ < r. Thus k{X) < t. 

Suppose that k{c{X, r)) > cf{T). Since Z is paracompact in X, the subspace 
c{X, t) is paracompact in X and there exists an open locally-finite family {Va ■ 
a e A} of X such that c{X,t) C [j{Va : a e A}, \A\ > cfir) and c{X,t) \ 
\J{V/3 : (3 e A \ {a}} ^ for every a G A. For every a G A fix j/^ G c{X, r) \ 
[j{Vj3 : /3 G A \ {a}} ^ 0. Then {y^ : a G A} is a closed discrete subset of X. 
There exists an open discrete family {Wa : a € A} such that G C Va for 
every a Q A. By virtue of Lemma 1.2, | A \< cf{T), which is a contradiction. 
Thus k{c{X,T)) < cf{T). 

Fix now a closed subset F of the space X such that F C r). We put 
5 = F n Z and t' = sup{A:(y, X) : y & S}. 

Suppose that r' = r. There exists a family of cardinals {tq : a G A} such 
that I A 1= cf{T), supjra : a & A} = t and Ta < r for every a & A. One 
can assume that A is well ordered and Tq < r/3 for every a, (3 € A and a < /3. 
For every a G A there exists j/q. G 5 such that fc(2/Q.,X) > Tq.. Let L = 
{ya ■■ a G A}. The cardinal c/(t) is regular. If y e X and |W fl L| = \A\ 
for every neighborhood T4^ of y in X, then y G F C k{X,T),k{y,X) < t 
and k{y,X) > sup{k(ya, X) : a G A} — sup{tq, : a G A} = r, which is a 
contradiction. Thus for every y E X there exists an open neighborhood Wy of 
y in X such that \clxWy r\L\ < \A\ ^ cf{T). There exists an open locally-finite 
family {H^ : z e z] of X such that Z C U{if^ : z G Z} and i/^ C W„ for 
every z E Z. Let Z' = {z € Z : D L ^ 0}. The set .Z' is discrete and 
closed in X. Since Z is a paracompact space, we have \Z'\ = t" < r and 
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\H^fM\ = t{z) < c/(t) for any z £ Z' . Thus \L\ =\ U{H^nL : z e Z'} |< t, a 
contradiction. Therefore r' < t. 

Since S is paracompact in X and S C r), there exist a set Af C S* 
and a locally finite open in X family {L/^ ; fi G M} such that k{clxUf^) < r', 
|Af| = n < r and S* C U{?7^ : ^ £ A/}. Then fc(5i) = < t, where 
5*1 = U{dxC/M ■■ ^J■ & M}. Let Yi = r \ U{Uf, : e M}. Since Yi is a closed 
subset of X and Fi C X \ Z, k{Yi) = T3 < t. Thus fc(r) < k{Yi) + k{Si) < t. 
□ 

Corollary 1.5. Let X be a paracompact space, t be a limit cardinal and 
k{X) < T. Then: 

1. k{c{X,T))<cfiT); 

^- U Y (~ k{X,T) is a closed subset of X , then k{Y) < t. 

A shrinking of a cover f — {Ua ■ a G A} of the space X is a cover 7 = 
{Va : a £ A} such that Va Q Ua for every a & A (see [6], [7]). The operation 
of shrinking preserves the properties of local finiteness, star-finiteness and star- 
countableness. 

Let r be an infinite cardinal number. A family 7 of subsets of a space X is 
called T-star {T~-star) if|{iJe7: H D L ^ 9} \< t {\ {H e j : H D L ^ 
0} |< t) for every i G 7. 

A family {H^ '■ a e A} of subsets of a space X is closure-preserving if 
\J{clxHi3 :I3gB}^ dxiUiHp f3 e B}) for every EC A (see [TO]). 

Proposition 1.6. Let r be an infinite cardinal and X be a paracompact 
space. Then the following assertions are equivalent: 

1. k{cuj{X)) < T. 

2. For every open cover of X there exists an open t~ -star shrinking. 

3. For every open cover of X there exists a closed closure-preserving -star 
shrinking. 

4-. For every open cover of X there exists a closed -star shrinking. 

Proof: (1 2) and (1 =J> 3) Let ^ = {Ua '■ a G A} be an open cover 
of X. There exist a subset B oi A and an open-and-closed subset H oi X 
such that cu}{X) Q H C [j{Ua ■ a £ B} and \ B \< t (see the proof of 
Proposition 4 [?]). Since dim{X \ H) — (unless X \ H is empty) there exists 
a discrete family {Wa ■ a £ A} oi open-and-closed subsets of X such that 
[j{Wa ■■ aGA}= X\H and Wa C Ua for every a G A. Let Va = {UanH)UWa 
for a £ B and Va = Wa for a G A \ _B. Obviously 7 — {Va : a £ A} is an open 
T^-star shrinking of ^. 

Since X is paracompact, there exists a closed locally finite family {Ha ■ a G 
B} such that H = U{Ha : a £ B} and Ha C Ua for any a £ B. Put Ha = Wa 
for any a £ A\B. Obviously A — {Ha : a G A} is a closed locally finite r^-star 
shrinking of ^. Every locally finite family is closure-preserving. Implications 
(1 ^ 2) and (1 3) are proved. 

Implication (3 4) is obvious. 

(2 ^ 1) and (4 ^ 1) Suppose k{cuj{X)) > r. There exists a locally finite 
open cover ^ = {Ua : a G A} of cuj{X) such that cuj{X) \ \J{Ua ■ a G B} ^ 
provided B C A and | B |< r. One can assume that cuj{X)\[j{Ua ■ a G -B} 7^ 
for every proper subset B of A. Fix a point Xa £ civ^X) \ IJ{C/^ : /3 £ A\ {a}} 
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for every a E A. The set {xa '■ a <E A} is discrete in X. There exists a discrete 
family {Va ■ a € A} of open subsets of X such that Xa & Va Q dxVa Q Ua 
for every a G A. Let Xa = clxVa- Then dimXa > and there exist two 
closed disjoint subsets and Pa of Xa such that if Wa and Oa are open in 
X ajid Fa C Wa C X \ Pa, Pa Q Oa C X\Fa and Xa CWaU Oa, then 
XaDWaDOa 0- The family {Fa : a € A} and the family {P„ : a G A} 
are discrete in X. There exists a discrete family {Qa '■ a £ ^} of open subsets 
of X such that {[j{Qa ■ a & A}) n {[j{Fa : a e A}) = ^, Pa C Qa and 
Qa n {\J{X0 : P € A\ {a}}) = for every a G A. Let iJ, ^ A, M = Au {/j,} 
and Qf^ = ^ \ Ul^a • ^ ^D- Then ( = {Qm ■ ™ G M} is an open cover 
of X. If 7 = {Hm ■ m e M} is an open shrinking of (, then Ci Ha ^ for 
every a G A. The last contradicts 2. Suppose now that 7 = {Hm ■ m € M} 
is a closed shrinking of Let a <= A and iJ^ H = 0. There exist two 
disjoint open subsets Wa and Oa of X such that Ha Q Wa and Hfi C O^. 

Then C iJ„ U C 0„ U Wa, Pa ^ Wa C X \ Fa, Fa C Oa C X \ Pa, 

Xa Q Wa U Oa and Xq, n Wa CiOa = 0- The last contradicts 4. Implications 
(2 1) and (4 ^ 1) are proved. □ 

2 The degree of compactness and selections 

Let X and Y be non-empty topological spaces. A set-valued mapping 9 : X Y 
assigns to every x G X a non-empty subset 6{x) ofY. If </>, tp : X ^ Y are set- 
valued mappings and ^(a;) C ip{x) for every x G X, then ^ is called a selection 
of ■)/'• 

Let 6* : X ^ F be a set- valued mapping and let ^ C X and B C Y. The 
set 9~^{B) = {x e X : 6{x)f]B ^ 0} is the inverse image of the set B, 6{A) = 
0^{A) = \J{e{x) -.xe A} is the image of the set A and 0''+^ (A) = 9(9-^ {0" (A))) 
is the n + 1-image of the set A. The set 0°°{A) = [j{0"{A) : n G N} is the 
largest image of the set A. 

A set- valued mapping : X ^ Y is called lower (upper) semi- continuous if 
for every open (closed) subset HofY the set 0~^{H) is open (closed) in X. 

In the present section we study the mutual relations between the following 
properties of topological spaces: 

Kl. k{X) < T. 

K2. For every lower semi-continuous closed-valued mapping : X ^Y into 
a complete metrizable space Y there exists a lower semi- continuous selection 
(j):X^Yof0 such that fc(dy0(X)) < r. 

K3. For every lower semi- continuous closed-valued mapping : X ^Y into 
a complete metrizable space Y there exists a set-valued selection g : X Y of 
such that k{clYg{X)) < r. 

KA. For every lower semi- continuous closed-valued mapping : X ^Y into 
a com,plete metrizable space Y there exists a single-valued selection g : X Y 
of 9 such that k{clYg{X)) < r. 

K5. For every lower semi- continuous mapping : X ^ Y into a discrete 
space Y there exists a lower semi- continuous selection (f) : X ^Y of0 such that 
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\^{X)\ < T. 

K6. For every lower semi- continuous mapping 9 : X ^ Y into a discrete 
space Y there exists a set-valued selection g:X^Yof6 such that \ g{X) \< r. 

K7. For every lower semi- continuous mapping 9 : X —> Y into a discrete 
space Y there exists a single-valued selection g : X ^Y of 9 such that | g{X) |< 

T. 

K8. Every open cover of X has a subcover of cardinality < r. 

K9. For every lower semi- continuous closed-valued mapping 9 : X ^ Y 
into a complete metrizable space Y there exist a compact-valued lower semi- 
continuous mapping ip : X ^ Y and a compact- valued upper semi- continuous 
mapping ip : X ^ Y such that fc(dv'(^(X))) < r and ip{x) C ip{x) C 9{x) for 
any x G X. 

KIO. For every lower semi- continuous closed-valued, m,a,pping 9 : X ^ Y into 
a complete metrizable space Y there exists an upper semi- continuous selection 
(j):X^Yof9 such that k{clY(t>{X)) < r. 

Kll. For every lower semi- continuous closed-valued mapping 9 : X Y 
into a complete metrizable space Y there exists a lower semi- continuous selection 
(p:X^Yof9 such that w(</)(X)) < r. 

K12. For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metrizable space Y there exist a closed-valued lower semi- continuous 
selection cf) : X ^Y of 9, a selection fi : X ^Y of 9 and a closed Gs subset F 
of the space X such that: 

- 4<{x) C fx(x) for any x G X; 

- (j){x) = ^{x) for any x G X\F; 

- the mapping ii\F : F ^ Y is upper semi- continuous and is closed-valued; 

- c{X,t) C F, <& = 12(F) is a compact subset of Y and k{Z n < r 
provided Z C F \ $ and Z is a closed subspace of the space Y; 

- k{clY(t>{X)) < k(p{X)) < T. 

Let us mention that, in the conditions of K12: 

- k{fi{X)) < T provided the set $ is compact and k{Z (1 n{X)) < r for a 
closed subset Z C y \ $ of the space Y; 

- the mapping fi : X ~> Y is closed- valued and the mapping iJ,\F : F ^ Y is 
compact- valued; 

- the mapping ^\{X \F) : X \ F Y is lower semi-continuous; 

- the mapping /j. : X ^ Y is Borel measurable, i.e. n~^{H) is a Borel subset 
of the space X for any open or closed subset HofY. 

The (T-algebra generated by the open subsets of the space X is the algebra 
of Borel subsets of the space X. 

Lemma 2.1. Let X be a space and r be an infinite cardinal. Then the 
following implications {K9 ^ K2 ^ K3 K4 ^ K3 K6 ^ K7 ^ K8 
Kl ^ K5 ^ K6, KIO K3) and (KU Kll K2 ^ Kb ^ K6) are 
true. 

Proof: Implications {K12 Kll ~* K2 ^ K5 K6, K9 ^ K2 ^ 
K3 K6), {K4 K7, KA K'S), {K7 K6, K8 ^ Kl ^ K8) and 
{KIO K3) are obvious. 



7 



Let (f) : X ^ Y he a set-valued selection of the mapping 9 : X ^ Y and 
k{dY(p{X)) < T. For every a; G X fix a point f{x) G (p{x). Then f : X ^ 
y is a single-valued selection of 9 and (f), f{X) C <^(X) and k{clYf{X)) < 
k{clY(t>{X)) < T. The imphcations {KZ KA) and {K6 K7) are proved. 

Let J = {Uq. ■ a € A} he an open cover of X. One may assume that A 
is a discrete space. For every x G X put 9j{x) = {a G A : x G Ua}- Since 
9~^{{a}) = Ua, the mapping 9-^ is lower semi-continuous. Let (j) : X ^ Y he a 
set-valued selection of 9^ and | (/'(X) |< r. Put B = (/'(X) and Ha = ^~^(a) for 
every a G B. Then i7„ C 6I-^({q!}) = Ua for every a G X = U{-f^a : a G B], 
^ = : a. e _B} is a refinement of 7 and | B |< r. Implications {K3 — > /TS) 
and {K6 K&) aye proved. 

Let k{X) < T and 9 : X ^ Y he a lower semi-continuous mapping into a 
discrete space Y. Then {C/y = 9~^{y) : y G F} is an open cover of X. There 
exists a subset Z CY such that \ Z \< t and X = \J{Uy : y G Z}. Now we put 
(p{x) = {y G Z : x G Uy}. Then (p : X ^ Y is a lower semi-continuous selection 
of 9, (/>(a;) = Z n 9{x) for every x G X and | (/>(X) | = | Z \< r. Implication 
{Kl K^) is proved. The proof is complete. 

Proposition 2.2. Let X he a space, r he an infinite cardinal and 9 : X ^Y 
be an upper semi- continuous mapping onto Y . Then: 

1. Ifl{X) < T and l{9{x)) < r for every xGX, then 1{Y) < t; 

2. Ifk{X) < T and k{e{x)) < cfir) for every xgX, then k{Y) < t; 

3. If 9 is compact-valued, then 1{Y) < 1{X) and k{Y) < k{X). 

4- If X is a jjL-coraplete space, t is a sequential cardinal number and 9 is 
compact-valued, then ciY, r) C 6{c{X, r)) and k{Z) < r provided Z C Y\c{Y, r) 
and Z is closed in the space Y . 

Proof: If V is an open subset of Y, then 9*{V) = {x G X : 0{x) C V} is 
open in X. 

1. Let T be an infinite cardinal, 1{X) < t and l{9{x)) < t for every x G X. 
Let 7 = {Vq. : a G A} be an open cover of Y. If a; G X, then l{9{x)) < r. Thus 
every open family in Y, which covers 9{x), has a subfamily of cardinality < r 
covering 9{x). Hence there exists a subset A^ Q A such that \ A^ \= < t 
and 9{x) C \J{Va : a G A^}. We put W,, = U{Va : a G A^} and = {z G X : 
0{z) C W,}. 

Obviously A = {Ux '■ x G X} is an open cover of X. Since 1{X) < r, there 
exists an open subcover ( = {Ux : x G X'} of A such that \ X' |< r and X' C X. 
Let B = U{Ax : x G X'}. Obviously \B\ < r. Since i9(C4) C Wx for any x G X, 
we have Y = 9{X) = 9{U{Ux : x G X'}) = U{9{Ux) : x G X'} C U{Wx : x G 
X'} = U{Va : a G B}. Hence 7' — {Va : a G is a subcover of 7 of cardinality 
< r. Assertion 1 is proved. 

2. One can follow the proof of the previous assertion 1. Let r be an infinite 
cardinal, k{X) < r and k{9{x)) < cf{T) for every x G X. Let 7 = {V^ a G A} 
be an open cover of Y. For any x G X there exists a subset Ax A such that 
I Ax 1= Tx < cfir) and 9{x) C [j{Va : a G A^:}. We put = U{Va : a G A^:} 
and Ux = {zGX : 9{z) C Wx]. 

Obviously A = {Ux ■ x G X} is an open cover of X. Since k{X) < r, there 
exists an open subcover Q = {Ux ■ x G X'} of A such that \ X' \= to < t and 
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X' C X. Let B = {j{Ax : x e X'}. Since 0{Ux) C for any x G X, wc have 
F = e{X) = e{U{U^ : X e X'}) = U{6'(t/^) : X € X'} C U{W^ : a; G X'} = 
U{V^ : a e -B}. Hence 7' = {Va : a G S} is a subcover of 7. 

We afSrm that < t. 

Consider the following cases: 

Case 1. r is regular, i.e. c/(r) = r. 

Since | X' |= tq < r = c/(t) and | |< r for every a; G X, it follows that 
\B\ < T,{t^ : X e X'} = t' < t. 

Hence 7' = {Va : a € B} has cardinality < r. 

Case 2. t is not regular, i.e. cfi^r) = m < t. 

In this case r is a limit cardinal, tq < r and m < t. Hence r' = sup{m, tq} < 

T. 

Since \ \= Tx < m for every a; G X, it follows that \B\ < J^{tx : x G 
X'} < r' < r. 

Hence 7' = {Va : a G B} has cardinality < r. 

Assertion 2 is proved. 

3. Assertion 3 follows easily from assertions 1 and 2. 

4. Obviously, $ = 9{c{X, r)) and c(F, r) are compact subsets of the space Y. 

Let Z C y \ $ be a closed subspace of the space Y. Then Xi = 0~^{Z) is a 
closed subspace of the space X and Xi n c(X, r) = 0. By virtue of Lemma 1.3, 
A;(Xi) < T. Let Yi = e{Xi). Then 61 = e\Xi : Xi ^ Fi is an upper semi- 
continuous mapping onto Yi. From assertion 2 it follows that fc(Yi) < fc(Xi) < 
T. Since Z is a closed subspace of the space Yi, we have k{Z) < k{Yi) < r. In 
particular, F \ $ C k{Y, r) and c{Y, r) C Since $ is a compact subset of Y, 
k{Z) < T provided Z CY \ c{Y, t) and Z is closed in the space Y. □ 

Theorem 2.3. Let X be a regular space and t be a regular cardinal number. 
Then assertions Kl — K8 and K12 are equivalent. Moreover, if the cardinal 
number t is regular and uncountable, then assertions Kl — K8, Kll and K12 
are equivalent. 

Proof: Let fc(X) < r and ^ : X — > F be a lower semi-continuous closed- 
valued mapping into a complete metric space {Y,p). 
Case 1. T = Hq. 

In this case the space X is compact. Thus, from E. Michael's Theorem [9] 

(see Theorem 0.1), it follows that there exist a lower semi-continuous compact- 
valued mapping ip : X ^ Y and an upper semi-continuous compact-valued 
mapping ip : X ^ Y such that ip{x) C il){x) C $[x) for any x £ X. The set 
■i/j(X) is compact and ip{X) C ip{X). Implication {Kl => K9) is proved. 
Case 2. T > Hq. 

There exists a sequence 7 = {7„ = {Ua ■ a e An} : n gN} of open covers of 
the space X, a sequence ^ — ~ {Va : a G An} : n G N} of open families of 
the space Y and a sequence tt = {7r„ : An+i An : n G N} of mappings such 
that: 

- U{t//3 : (3 G 7r~i(a)} = C clxUa C 0~'^{Va) for any a G A„ and n G N; 

- U{clYVf3 : P G TT~^{a)} C and (imm(V^) < 2^" for any a & An and 
n G N; 

- |A„| < T for any n G N. 
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Let 1] = {V : V is open in Y and diam(V) < 2""'^}. Let 7' = {U : U is open 
in X and clxU C 9~^{y) for some V G r]}. Since k{X) < r, there exists an 
open subcover 71 = {{/„ : a e Ai} of 7' such that < r. For any a € Ai fix 
Vae-q such that clxUa C 6'-i(V'a). 

Consider that the objects {7j,^j,7rj_i •.i<n} are constructed. Fix a € 
Let r^a = {V : V is open in Y, clyV C Va and diam{V) < 2~"~-^}. Let 
la — '■ ^ open in X and clxW C 9~^{V) for some V G ?]„}. Since 
k{clxUa) < T and clxUa. C U7^, there exists an open subfamily 7^ = {Wfj : 
P G Aa} of 7^ such that < r and clxUa C U{W/3 : /3 G For any 

/3 G fix V/3 G r]a such that d^W'/j C e^'^(Vp). Let A„+i = U{Ai : a G A„}, 
7r~^(a) = Act and U/3 = UaCi W/3 for all a G A„ and P G Aa- Since r is regular 
and uncountable, then |^„+i | < r. 

The objects {7„, 7r„ : r?. G N} are constructed. 

Let X & X. Denote by A{x) the set of all sequences a = (a„ : n G N) for 
which a„ G A„ and a; G for any n G N. For any a = (an : n G N) G A{x) 
there exists a unique point y{a) G F such that {y{a)} = ri{Va^ : n G N}. It is 
obvious that y{a) G 9{x). Let (/>(a;) = {y(a) : a G ^(a;)}. Then </> is a selection 
of ^. By construction: 

- Ua C 0~^(Vq) for all a e An and n G N; 

- the mapping <p is lower semi-continuous; 

- if Z = (piX), then = ZnyQ,:aG^ = U{A„ : n G N}} is an open 
base of the subspace Z. 

We afhrm that w{Z) < r. 
Subcase 2.1. r is a limit cardinal. 

In this subcase m = sup{\An\ : n G N} < r and 'w{Z) < \A\ < m < t. 
Subcase 2.2. r is not a limit cardinal. 

In this subcase there exists a cardinal number m such that m+ = r and 
\A\ < m. Thus wiZ) < t. 

In this case we have proved implication [Kl — > i^ll). 
Lemma 2.1 completes the proof of the theorem. □ 

Corollary 2.4. Let X be a regular space and t he a cardinal number. Then 
the following assertions are equivalent: 
LI. 1{X) < T. 

L2. For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metrizable space Y there exists a lower semi- continuous selection 
(j):X^Yofe such that 1{cIy4>{X)) < r. 

L3. For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metrizable space Y there exists a set-valued selection g : X ^ Y of 
9 such that [{clygiX)) < r. 

LA. For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metrizable space Y there exists a single-valued selection g : X —> Y 
of 6 such that [{clygiX)) < t. 

L5. For every lower semi- continuous mapping 9 : X ^ Y into a discrete 
space Y there exists a lower semi- continuous selection (p : X ^Y of 9 such that 

\4>iX)\ < T. 
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L6. For every lower semi- continuous mapping 9 : X ^ Y into a discrete 
space Y there exists a set-valued selection g : X ^Y of 9 such that | g{X) \< t. 

LI. For every lower semi- continuous mapping : X ^ Y into a discrete 
space Y there exists a single-valued selection g-.X^YofO such that \ g{X) \< 

T. 

L8. Every open cover of X has a subcover of cardinality < r. 
Proof: Let 1{X) < t. Then k{X) < and r"*" is a regular cardinal. 
Theorem 2.3 completes the proof. □ 

Theorem 2.5. Let X be a regular space, F be a compact subset of X, r be 

a cardinal number and k{Y) < t for any closed subset Y C X \ F of X . Then 
assertions Kl — K8 and K12 are equivalent. Moreover, if the cardinal number 
T is not sequential, then assertions Kl — K8, Kll and K12 are equivalent. 

Proof: Let k{X) < t, F he a compact subset of X, t he a cardinal number 
and k{Y) < t for any closed subset Y C X \ F of X and 9 : X ^ Y he a lower 
semi-continuous closed- valued mapping into a complete metric space {Y,p). 

Case 1. T = Hq. 

In this case the space X is compact. Thus, from Theorem 0.1, it follows 
that there exist a lower semi-continuous compact-valued mapping : X ^ Y 
and an upper semi-continuous compact-valued mapping ip : X ^ Y such that 
ip[x) C 'ip{x) C 9{x) for any x £ X. The set tp{X) is compact and fiX) C t{j{X). 
Implications {Kl K9) and (Kl ^ K12) are proved. 

Case 2. r is a regular cardinal number. 

In this case Theorem 2.3 completes the proof 

Case 3. r is an uncountable limit cardinal. 

Let r' = c/(t). 

The subspace F is compact. Thus, from the E. Michael's Theorem 0.1, it 
follows that there exists an upper semi-continuous compact-valued mapping 

ip : F ^ Y such that tjj{x) C 9{x) for any x G F. The set $ = ip{F) is compact. 
There exists a sequence {Hn : n G N} of open subsets of Y such that: 

- $ C Hn+i C dyHn+i C for any n G N; 

- for every open subset V ^ ^ oiY there exists n G N such that Hn C V. 
There exist a sequence 7 = {7^ = {Ua : a G A„} : n G N} of open covers 

of the space X, a sequence ^ = = {Va : a G An} : n G N} of open families 
of the space F, a sequence {Un : n G N} of open subsets of X, a sequence 
= {T^n '■ An+i An : n G N} of mappings and a sequence {r„ : n G N} of 
cardinal numbers such that: 

- U{Ui3 : 13 e TTn^ia)} = Ua C clxUa C 9~'^{Va) for any a £ An and n G N; 

- U{c/yV/3 : /3 G 7r~^(a)} C Va and diam{Va) < 2~" for any a G An and 
n G N; 

- \An\ < T for any n G N; 

- if A'^ = {a € An : F n clxUa = 0} and A'^ = An\ A'n, then the set A'^ is 
finite and C [/„ C clxUn C U{[/„ : a G A'^}; 

- Tn <: Tn+i < T for any n G N; 

- clxUn C 9-^{Hn) and |{a G A„ : [/« \ C/„ 7^ 0}| < t„ for ah n, m G N; 

- clxUn n clxUa = for any n G N and a G A'n- 



11 



Let 1] = {V : V is open in Y and diam{V) < 2 There exists a finite 
subfamily {Vg : /? G Bi} of rj such that $ C U{Vo : /? G Si} C Hi. Let Wi be 
an open subset of Y and ^ CWi C clyWi C U{Va : a G Bi}. 

Let 7' — {t/ : U is open in X and clxU C 6~^(V) for some V € ij and 
U C X \ Ui} and 7" = {i7 : t/ is open in X and clxU C 0~^(Vg) /or some 

/? e Bi}. 

Since F is compact, there exist a finite family 7" = {t/a : a G A"} of 7" 
and an open subset Ui of X such that -F C J7i C clxUi C U{?7ct : a G A'l} 
and F n ^ for any a G ^'/. For every a G A'/ fix 14 = for some 
j3 e Bi such that clUa C 6'-i(F„). Let Yi = X \ C/i. Since k{Y) = t[ < t, 
there exists an open subfamily 7^ = {Ua : a G A'^} of 7' such that \A[\ < n, 
Fi C \j{Ua ■■ a G A'l} and dxUi D {U{clxUa : a G ^i} = 0. For any a G fix 

G r?' such that dxUa C Let Ai = A[ U A'/, 71 = {Ua : a G Ai} 

and ryi = {Va : a G Ai}. 

Consider that the objects {7i, ^ijiTi-ijUi, n,: i < n} are constructed. 

We put Aim = {a G Ai : Ua r\ Um ^ 0} for all i,m <n. 

Fix a G 

Let r]a = {V : V is open in Y , clyV C Va and dia'm{V) < 2~"~^} and 
la = '■ ^ open in X and clxW C 6~^(y) for some V G r]a}- 
Assume that a € A'^. 

Since F„ = FdclxUa is a compact subset of X there exists a finite subfamily 

70a = {Wp:f3e A'^J of 7L such that Fa C UjW^ : /? G F„ n ^ 

for any /? G Aq^j and for any /? G Aqq, there exists Vg G such that V/} C 
and C e-'^{Vp). Now we put fZ/j = W/3 n 

Let = U{Aoa : /? G A^^}, 7^'+! = {Uff : P G A^^+J and Tj^'+i = ^ 

Let = dxC/a \ U{f/;3 : /3 G and U^ = Un\ U{$„ : a G <}. Then 

is an open subset of X and F C n L>i{Up : (3 G A'^a))- 
There exists an open subset t/„+i of X such that Un+i ^ clxUn+i ^U'^C\ 
c/„ n (U{[/^ : /? G 

Let Yi = X\Ui for any i < n + 1. Then = fc(yi) for any i < n + \. 
For any a G An there exist the subfamilies 7^^ = {W13 : (3 G A'^^^}, i < n+1, 
of j'a and the subfamilies tj-^ = {V/3 : /3 G ^ ^ + 1; of 7^ such that: 

- |^i„Q I < '^i for any i < n + 1; 

- Fi n dxf/a Q U{W/3 : /3 G U{Aj„a : j < i}} for any i < n + 1; 

- n (U{W/3 : /3 G yj{Ajna :i<j<n + 1}}) = for any i < n + 1. 

Now we put Ana = ^{Aina : < 1 < n + 1}, An+1 = U{Ana Ot G An}, 

U0 = Wpf] Ua, In+i = {Un : (3 G An+i], r]n+i = {Vf, : P G A^+i} and 

T^n+lio:) = ^na- 

The objects {7„, 7r„, f/„, r„ : n G N} are constructed. 

Let X G X. Denote by A{x) the set of all sequences a ~ (q!„ : n G N) for 
which a„ G A„ and x G for any n gN. For any a = (q!„ : n G N) G ^(a;) 
there exists a unique point 2/(a) G Y such that {7/(a)} — ri{Va„ ■ n G N}. It is 
obvious that y{a) G 9{x). Let (j){x) = {y{a) : a G A(x)}. Then (/) is a selection 
of 6. By construction: 

- Ua C (j)~'^{Va) for all a G A„ and n G N; 
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- the mapping cfi is lower scmi-eontinuous; 

- a Z = 4>{X), then = Z nVa : a & A = U{A„ : n G N}} is an open 
base of the subspace Z. 

Wc affirm that k^clyZ) < t. 

Subcase 3.1. r is not a sequential cardinal. 

In this subcase m = S'up{|j4„| : n e N} < r and w{Z) < \A\ < m < t. In 
this subcase wc arc proved the implication [Kl Kll). 
Subcase 3.2. r is a sequential cardinal. 

Let Zn = (f>{Yn) and A^k = {a G An : YkHUa 0}. Then \Ank\ < Tn for 
all n,k eN. Thus w{Zn) < t„. 

Since (piX) \ Z„ C we have k{clY(l>{^) < t. 

In this subcase we have proved implication (Kl K2). 

Let H = n{Un : n e N}, ^ = {/i„ = {H n Ua : a e A^} and q{qn = 
i^n\AnJ^x : ^„_|_i — >■ A„ : n e N}. By construction, we have U{W/3;/3 G q~^(oi)) 
= Wa C djfW'a C ^"^(VJi) for any a G and n G N. Let x G U. Denote 
by B(x) the set of all sequences a = (q;„ : n G N) for which a„ G ^„ and 
X G clxWa^ for any n G N. For any a («„ : n G N) G there exists a 

unique point y{a) G Y such that = HlVa^ : n G N}. It is obvious that 

y{a) G $ n 9{x). Let yUi(.T) = {y{a) : a G -B(.2;)}. The mapping ^ii : H ^ ^ 
is compact-valued and upper semi-continuous. Let ^{x) = (f){x) for x G X \ H 
and /Lt(x) = Hi{x) for x € H. Then is a selection of ^. Fix a closed subset 
Z C y \ $ of the space Y. Then Z n m(^) C (/)(y„) for some n G N}. Thus 
'w{Z n n{X) < T. In this subcase we have proved implication {Kl — > K12), too. 

Lemma 2.1 completes the proof of the theorem. □ 

The last theorem and Lemma 1.3 imply 

Corollary 2.6. Let X be a ji-complete space and t he a sequential cardinal 
number. Then assertions Kl — K8 are equivalent. 

Theorem 2.5 is signigativc for a sequential cardinal r. Every compact subset 
of X is paracompact in X. In fact we have 

Theorem 2.7. Let X be a regular space, F be a paracompact in X subspace, 
T be an infinite cardinal number, k(F) < t, k{Y) < r for any closed subset 
Y C X \ F of X .Then assertions Kl — K8 are equivalent. Moreover, if the 
cardinal number r is not sequential, then assertions Kl — K8 and Kll are 
equivalent. 

Proof: It is obvious that for any open in X set U ^ F there exists an open 
subset VofX such that F CU CdxU CV 
Case 1. T is a regular cardinal number. 
In this case Theorem 2.3 completes the proof. 
Case 2. r is a sequential cardinal number. 
In this case Theorem 2.5 and Lemma 1.4 complete the proof. 
Case 3. r be a limit non-sequential cardinal. 

Let T* = cf{T) < T. Obviously, r* is a regular cardinal and r* < r. 

There exist a sequence 7 = {7^ = {Ua '■ ol G j4„} : n G N} of open covers 
of the space X, a sequence ^ = = {V^ : a € A^} : n Gfi} oi open families 
of the space Y, a sequence {J7„ : n G N} of open subsets of X a sequence 
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71" = {tt,! : An+i An : n G N} of mappings and a sequence {r„ : n G N} of 
cardinal numbers such that: 

- U{J7/5; p e 7r~^(a)} = C dxC^a C 6'~^(Va) for every a G An and n e N; 

- U{cIyV0;P e 7r-i(a)} C V„ and rfiam(14) < 2"" for every a S and 
n e N; 

- < T„ < r„+i < T for every n G N; 

- if a; = {a e A„ : i^^ n clxU„ = 0} and = A„ \ A'^, then | |< r* and 
FCUnC dxUn C U{C/„ : a G A^^}; 

- the family 7" = : a G A"} is locally finite in X for every n G N; 

- clx Un n Ua = for every n G N and a G A'^ . 

Let r] = {V : V is open in Y and diam{V) < 2~^} and ^' = {U : U is 
open in X and clxU C 6~^iy)) for some F G 77}. There exist a locally finite 
subfamily 7" = {[/„: a G A'l} of 7' such that [ A'l |< t* < and an 

open subset Ui of the space X such that F C i/i C clxUi C U{J7a : a G ^'/} 
and F n ?7a 7^ for every a G A'{. For every a G A" fix 1^ G ?? such that 
dC/c, C 61-1(14). Let Fi X \ f/i and n = fc(F) + t*. Since k{Y) < n < r, 
there exists an open subfamily j[ = {Uq. ■ a G A[} of 7' such that \A[\ < n, 
Yl C U{C/„ : a G A'J and clxUi n (ujdxC^a : a G A'J) = 0. For every a G 
fix Va e T]' such that clxU^ C ^-^(Fc,)- Let Ai = A[ U 71 ={[/„: a G ^1} 
and 7^1 = {Va : a G Ai}. 

The objects {71,^1, J/, n} are constructed. 

Consider that the objects {ji, £^i,'Ki-\,Ui, Ti,: i < n} are constructed. 
Fix a G An- 

Let r]a = {V : V is open in Y, clyV C Va and diam{V) < 2~'"~^} and 
7* = {W : W is open in X and clxW C 9~^iy) for some V G Jja}- 
Assume that a G A'^- 

Since F„ = F n clxUa is a closed subset of X, then there exists a locally 

finite subfamily 7^' = {Wp : (3 G A^} of 7*, where \ A'^ \< t* such that 
Fa ^ ^{Wfj : 15 G A';^}, Far\Wji^<h for every /3 G A!'^} and for every /? G 
there exists G rja such that clxW^ C ^-^(Vg). We put {/^ = J7„ n for 
every /3 G A^. 

Let = U{A'^ : a G A';^}, 7;'+! = {«7„ : a G and ry^'+i = {K* : 

a G 

The family 7"^^ is locally finite. 

Let i>a = dxUa \ U{Uf3 : (3 G A'^ and U'n = Un\ U{$a : a G A'^^}. Since the 
family 7" is locally finite, the set U'^ is open in X and F C J/^ C u{?7/3 : /? G 
<}• 

There exists an open subset C/„+i oi X such that t/„+i C clxUn+i C U{C//3 : 
Let y„+i = X \ ;7„ and t„+i = k{Yn+i) + t„. 

For every a G A^ there exist the subfamily 7^ = {W^ : /3 G A^} of 7* and 
the subfamily r][^ = {Vg : G A'^} of 7^ such that: 

- I^al < 

-dx«7a \ t/„ C VJ{Wp : 13 G A'„}- 

- dxW(3 n dxUn+i = for any G A'^. 
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Now wc put Ac, ^ A'^yj A'^, An+i = U{A„ : a G A„}, = Uo, n Up 
for any P € Aa, 7„+i = {[/„ : a G rin+i = {V^ : a e An+i} and 

7r;7+i(a) = Ana. 

The objects {7„. 7r„. ?7„. t„ : n G N} are constructed. 

Since r is not sequential, we have m = sup{Tn : n G N} < r. 

Let X G X. Denote by A{x) the set of all sequences a = {an : n G N) for 
which an G An and x G for every n G N. For every a = {an : n G N) G A{x) 
there exists a unique point y{a) G Y such that {y{a)} = n{Va„ : n G N}. It is 
obvious that y{a) G 9{x). Let (f){x) = {y{a) : a G ^(a;)}. Then ^ is a selection 
of 9. By construction: 

- Ua C (Va) for ah a e An and n G N; 

- the mapping (p is lower semi-continuous; 

- if Z = (f>{X), then {Ha = Z nVa : a G A = U{An : n G N}} is an open 
base of the subspace Z and w{Z) < m. 

Thus we have proved the implication {Kl — > Kll). 

Lemma 2.1 completes the proof of the theorem. □ 

Remark 2.8. Let X be a paracompact space and Y C X . Then l{clxY) < 
1{Y) andk{clxY) < k{Y). 

Theorem 2.7, Corollary 2.6 and Lemma 1.4 yield 

Corollary 2.9. Let X be a paracompact and r be an infinite cardinal. Then 
the properties Kl — KIO are equivalent. 

One can observe that the Corollary 2.9 follows from Proposition 2.2, Lemma 
2.1 and Theorem 0.1, too. 

Corollary 2.10. Let X be a space and r be an uncountable not sequential 
cardinal number. Then the following assertions are equivalent: 

1. X is a paracompact space and k{X) < r. 

2. X is a paracompact space and for every lower semi-continuous closed- 
valued mapping 9 : X ^ Y into a complete metrizable space Y there exists a 
lower semi- continuous selection (p: X ^Y of 6 such that w{4>{X)) < t. 

3. X is a paracompact space and for every lower semi-continuous closed- 
valued mapping 9 : X Y into a complete metrizable space Y there exists a 
single-valued selection g : X -^Y such that w{g{X)) < r. 

4. X is a paracompact space and for every lower semi- continuous mapping 
9 : X ^Y into a discrete space Y there exists a single-valued selection g : X ^ 
Y such that | g{X) \< r. 

5. For every lower semi- continuous closed-valued mapping 9 : X ^Y into a 
complete metrizable space Y there exist a compact-valued lower semi- continuous 
mapping ip : X ^ Y and a compact-valued upper semi-continuous mapping 
tp : X ^Y such that w{ip{X)) < t and ip{x) C 'ip{x) C 9{x) for any x G X. 

6 For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metrizable space Y there exists an upper semi- continuous selection 
(j): X ^Y of 9 such that w{(j){X)) < t. 

Example 2.11. Let r be an uncountable limit cardinal number and m = 
cf{T). Fix a well ordered set A and a family of regular cardinal numbers {tq. : 
a G A} such that sup{ra : a G A} = t and Ta < < t for all a,(3 G A and 
a < p. For every a G A fix a, zero-dimensional complete metric space Xa such 
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that w{Xa) = Tq,. Let X' be the discrete sum of the spaces {Xa ■ a G A}. 
Then X' is a complete metrizable space and w{X') = r. Thus 1{X') = t and 
k{X') = r+. Fix a point b ^ X' . Put X = {6} UX' with the topology generated 
by the open bases {U CX' -.U is open in X'} \J{X \ \J{Xfj : (3 < a} : a e A}. 
Then X is a zero-dimensional paracompact space and x(X) = x(6, X) = cf{T). 
If c/(t) = Ho, then X is a complete metrizable space. If F C X' is a closed 
subspace of X, then there exists a G A such that Y C U{Xp : j3 < a}, w{Y) < 
Ta and k{Y) < r. Therefore k{X) = t. 

Let Z = X X [0, 1]. Then k{Z) = t and k{Z, r) = {6} x [0, 1]. 

Suppose that r is not a sequential cardinal number, N is a discrete space 
and 5 = X X N. Then k{S) = r and k{S, r) = {b} x N. 

Moreover, if m = c/(t) is uncountable, Xt is a complete metrizable space, 
w(Xt-) < m and Z,- = X x X,-, then k{Zr) = r and k{Zr,T) = {b} x X,-. □ 

3 On the geometry of paracompact spaces 

Let n be the class of all paracompact spaces. 

For every infinite cardinal number r we denote by n(r) the class {X € 11 : 
k{ajj{X)) < t}. We put n;(r) = {X G H : l{cuj{X)) < t}. 

It is obvious that IL{t) C Ui{t) C II{t+). 

We consider that n(n) = {X G 11 : dimX = 0} for any n G {0} U N. 

Our aim is to prove that the classes H{t) may be characterized in terms of 
selections. The main results of the section are the following two theorems. 

Theorem 3.1. Let X be a space and r be an uncountable non-sequential 
cardinal number. Then the following assertions are equivalent: 

1. X G n(r), i.e. X is paracompact and k{cu){X)) < r. 

2. X is a paracompact space and for every lower semi- continuous closed- 
valued mapping : X ^ Y into a complete metrizable space Y there exists a 
lower semi- continuous selection ^ : X — > F of 6 such that w{4>{ajo{X))) < r. 

3. X is a paracompact space and for every lower semi- continuous closed- 
valued mapping : X ^ Y into a complete metrizable space Y there exists a 
single-valued selection 5 : X — > F such that w{g{cu}{X))) < t. 

4-. X is a paracompact space and for every lower semi- continuous mapping 
: X ^Y into a discrete space Y there exists a single-valued selection g : X ^ 
Y such that \ g{cu}{X)) \< r. 

5. For every lower semi- continuous closed-valued mapping : X ~> Y into a 
complete metrizable space Y there exist a compact-valued lower semi- continuous 
mapping tp : X ^ Y and a compact-valued upper semi- continuous mapping 
ip : X ^ Y such that w{ijj{X)) < t and (p{x) C ijj{x) C 9(x) for any x G ca;(X). 

6. For every lower semi- continuous closed-valued mapping : X ^ Y into 
a complete metric space Y there exist a closed Gg-set H of X and an upper 
semi- continuous compact-valued selection ip : X Y such that: 

t)coj{X) C H and < r; 

ii) tp{x) is a one-point set ofY for every x € X \ H; 

Hi) dvi^iH) = cIy'^{cuj{X)). 
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7. For every lower semi- continuous closed-valued mapping 9 : X ^ Y into a 
complete metric space Y there exists an upper semi-continuous compact-valued 
selection ip : X ^Y such that k{ilj°°{x)) < r for every x G X. 

8. For every lower semi- continuous mapping 9 : X —t Y into a discrete 
space Y there exists an upper semi- continuous selection ip : X ^ Y such that 
I il}°°{x) \< T for every x G X. 

Theorem 3.2. Let X be a space and r be an infinite cardinal number. Then 
the following assertions are equivalent: 

1. X G n(r), i.e. X is paracompact and k{cu){X)) < t. 

2. X is a paracom,pact space and for every lower semi- continuous closed- 
valued mapping 9 : X ^ Y into a complete metrizable space Y there exists a 
lower semi- continuous selection (p : X ^Y of 6 such that k{clY(f>{civ{X))) < r. 

3. X is a paracom,pact space and for every lower semi- continuous closed- 
valued mapping 9 : X ^ Y into a complete metrizable space Y there exists a 
single-valued selection g : X ^Y such that k{clYg{cu){X))) < t. 

4-. X is a paracompact space and for every lower semi- continuous mapping 
9 : X ^ Y into a discrete space Y there exists a single-valued selection g : X ^ 
Y such that | g{cU}{X)) \< r. 

5. For every lower semi- continuous closed-valued mapping 9 : X ^ Y into a 
complete metrizable space Y there exist a compact-valued lower semi-continuous 
mapping (p : X ^ Y and a compact-valued upper semi- continuous mapping 
ijj : X -^Y such that k{clY{tp{ao{X))) < k{ip{cij{X))) < r and ip{x) C tp{x) C 
9{x) for any x € cw(X). 

6. For every lower semi- continuous closed-valued mapping 6 : X ^ Y into 
a complete metric space Y there exist a closed Gg-set H of X and an upper 
semi- continuous compact-valued selection ip : X ^Y such that: 

i)aj{X) C H and k{il){H)) < t; 

a) ip{x) is a one-point set ofY for every x G X\H; 
Hi) clytpitt) = clYtp{cLo{X)). 

7. For every lower semi- continuous closed-valued mapping 9 : X ^Y into a 
complete metric space Y there exists an upper semi- continuous compact-valued 
selection ip : X ^Y such that k^ip^^x)) < r for every x G X and any n gN. 

8. For every lower semi- continuous mapping 6 : X ^ Y into a discrete 
space Y there exists an upper semi- continuous selection tp : X ^ Y such that 
I ip"{x) \< T for every x G X and any n e N. 

Proof of the Theorems: Let X G n(r) and ^ : X — > F be a lower 
semi-continuous closed- valued mapping into a complete metric space (y, d). For 
every subset L of F and every n G N we put 0{L, n) = {y G Y : d{y, L) = 
inf{d{x,z) : z G L] < 2""}. Obviously, clyL = n{0{L,n) : n G N and 
cIyO{L, n-\-l) C 0{L, n) for any n G N. 

By virtue of the Michael's Theorem 0.1, there exist a compact- valued lower 
semi-continuous mapping : X — > F and a compact-valued upper semi-continuous 
mapping %l> : X ^Y such that (p{x) C ip{x) C 9{x) for any x G cijj{X). 

^From Proposition 2.2 it follows that k{clY{ip{cijj{X))) < A:(V'(cw(X))) < r 
and k{clY{'f{ajj{X))) < k{clY {^{cuj{X)))) < t. Moreover, if r is a not sequen- 
tial cardinal number, then 'w{ip{cu{X)) < w(^(ca;(X))) < r. 
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Therefore, the assertions 2, 3, 4 and 5 of Theorems follow from the assertion 

1. 

It will be affirmed that there exist a sequence {(pn : X — *■ F : n € N} of lower 

scmi-contimious compact-vakicd mappings, a sequence {ijjn : X ^ Y : n £ N} 
of upper semi-continuous compact-valued mappings, a sequense {Vn ■ nN} of 
open subsets of Y and a sequense {Hn : nN} of open-and-closed subsets of X 
such that: 

1) ipn+i{x) C (j)n{x) C ipnix) C 0{x) for every x £ X and every n S N; 

2) ^n{x) = tpnix) is a one-point subset of Y for every x G X \ Hn and for 

every n £ N; 

3) iJ„+i C {x G X : tpn{x) C Vn, Hn+i ^ Hn and Vn+i = 0{tpn{coj{X)) for 
every n € N; 

Let Vi = 0{9{cuj{X)) and Ui = Q-^Vi. From Lemma 0.2 it follows that 
there exists an open-and-closed subset Hi of X such that av{X) C Hi C i7i. 

Since dim{X \ Hi) = there exists a single- valued continuous mapping 
hi : X \ Hi ^ Y such that hi{x) G 0{x) for every a; G X \ Hi. Since iJi 
is a paracompat space, Vi is a complete metrizable space and 0i .Hi Vi, 
where 6i{x) = Vir\6{x), is a lower semicontinuous closed- valued in Vi mapping, 
by virtue of Theorem 0.1, there exist a compact-valued lower semi-continuous 
mapping </ji : ffi — > Vi and a compact-valued upper semi-continuous mapping 
Xi : Hi ^ Vi such that (pi{x) C Ai(a;) C 6i{x) for any x & Hi. 

Put ipi{x) = ^i(a;) = hi{x) for x e X\Hi and = Ai(a;), ^i{x) = ipi{x) 
for X G Hi. 

The objects (^i and ipi are constructed. 

Suppose that n > 1 and the objects ifn_i and V^-i had been 

constructed. 

We put Fn = c/yVn-i(cw(X)), Vn = 0{Fn,n) and f/„ = {a; e ff„_i : 
V'n-iCa;) C Vn}- From Lemma 0.2 it follows that there exists an open-and- 
closed subset Hn of X such that ajj{X) C Hn C t/„. 

Since dim{X \ Hn) = there exists a single- valued continuous mapping 
hn : X \ Hn Y such that /i„(x) G 0n-i(a;) for every x G X \ Hn. By 
construction, we have (pn-i Q i^ix) C Vn for any a; G i?„. Since ff„ is a 
paracompat space, is a complete metrizable space and 6n ■ Hn Vn, where 
0n{x) = Vn ri (pn-lix), IS a lowcr scmicontinuous closed- valued in Vn mapping, 
by virtue of Theorem 0.1, there exist a compact-valued lower semi-continuous 
mapping (pn : Hn — > Vn and a compact-valued upper semi-continuous mapping 
Art : Hn Vn such that (pn{x) C Xn{x) C 9n{x) for any x G Hn. 

Put -ipnix) = (pnix) = hn{x) iOT X G X \ Hn and Ipnix) = A„(x), (pnix) = 

ipn{x) for X G Hn- The objects </>„ and tpn are constructed. 

Now we put A(a;) = n{ipn{x) : n G N} for any x £ X and H = n{i?„ : n G 

N}. 

Sinse A~-^($) = n{ipn^{^) : n G N} for any closed subset $ of Y, the 
mapping A is compact-valued and upper semi-continuous. By construction, 

i) ao{X) C H and k{X{H)) < r; 

ii) A(a;) is a one-point set of Y for every x £ X\H; 

iii) clyXiH) = dYX{ao{X)); 
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iv) A(A-i(^) C A U X{H) for every subset A of Y. 

Therefore, the assertions 6, 7 and 8 of Theorems follow from the assertion 1. 

(8 ^ 1) Let 7 = {Ua '■ a G A} be an open cover of X. On A introduce 
the discrete topology and put 9{x) = {a & A : x G J7q} for x G X. Since 
9~^{H) = [J{Ua ■ a G H} for every subset H of A, the mapping 9 : X ^ A\s 
lower semi-continuous. Let '4> : X ^ A he &n upper semi-continuous selection 
of 9 with I ij}'^{x) |< T for every x ^ X. Then ^ — a = V'~^(q^) '■ oi G 
A} is a closed closure-preserving T~-star shrinking of the cover ^.By virtue of 
Proposition 1.5, the assertion 1 follows from the assertion 8. □ 

Corollary 3.3. For a topological space X the following assertions are equiv- 
alent: 

1) X is paracompact and cxij{X) is compact. 

2) X is strongly paracompact and cui{X) is compact. 

3) For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metric space Y there exist an upper semi- continuous compact-valued 
selection ijj : X ^ Y and a closed Gs-subset H of X such that cw{X) C H , 
cIy{iP{FI)) is compact and ipix) is a one-point set for every x G X \ H. 

4) For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metric space Y there exists an upper semi- continuous selection ip : 
X ^ Y such that cIy'4'°°{x) is compact for every x £ X . 

5) For every lower semi- continuous mapping 9 : X ^ Y into a discrete space 
Y there exists an upper semi-continuous selection ip : X ^ Y such that the set 
il)°°(x) is finite for every x Cz X . 

6 ) For every open cover of X there exists an open star-finite shrinking. 
Proof: For the implication (1 2) see Proposition 4, 0]. 

For the implications (1 <^ 6) see Proposition 5, [4]. □ 

Corollary 3.4. For a space and an infinite cardinal number t the following 
assertions are equivalent: 

1) X is paracompact and l{cuj[X)) < t. 

2) For every lower semi- continuous closed-valued mapping 9 : X ^ Y into 
a complete metric space Y there exist an upper semi- continuous compact-valued 
selection ip : X ^ Y and a closed Gs-subset H of X such that clu{X) C H and 
w{'ip{H)) < t; Tpi^) a one-point set for every x (z X \ H . 

3) For every lower semi-continuous closed-valued mapping 9 : X ^ Y into a 
complete metric space Y there exists an upper semi- continuous compact-valued 
selection ip : X ^Y such that w{ip°°{x)) < t for every x G X. 

4) For every lower semi- continuous mapping 9 : X Y into a discrete 
space Y there exists an upper semi- continuous selection ip : X Y such that 
I 1^ for every x £ X . 

Corollary 3.5. For a topological space X the following assertions are equiv- 
alent: 

1) X is paracompact and clj{X) is Lindeldf. 

2) X is strongly paracompact and cuj{X) is Lindeldf. 

3) For every lower semi-continuous closed-valued mapping 9 : X Y into 
a complete metric space Y there exist an upper semi- continuous compact-valued 
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selection -tp : X ^ Y and a closed Gg-suhset H of X such that cu){X) C H, 
tpiH) is separable and ip{x) is a one-point set for every x & X \ H . 

4) For every lower semi- continuous closed-valued mapping 6 : X into a 
complete metric space Y there exists an upper semi-continuous compact-valued 
selection ip : X ^ Y such that ip°°{x) is separable for every x G X. 

5) For every lower semi-continuous mapping 6 : X ^Y into a discrete space 
Y there exists an upper semi- continuous selection ip : X ^ Y such that the set 
tp°°{x) is countable for every x G X. 

6) For every open cover of X there exists an open star- countable shrinking. 
Example 3.6. Let A be an uncountable set and X„ be a non-empty compact 

space for every a & A. Let X = 0{Xc : a & A] he the discrete sum of the 
space {Xa : a G A}. Let B = {a G A: dimXa ^ 0}. Then cu){X) is compact 
if and only if the set B is finite. If the set B is infinite then l{cuj{X)) =| B \ 
and k{coj{X)) =\ B ] + .□ 

Example 3.7. Let r be an uncountable non-sequential cardinal number. 
Fix an infinite set Am for every cardinal number m < t assuming that AmClAn = 
for m ^ n. Put A = U{^m : m < r}. Let {X^ ■ a G A} he a family 
of non-empty compact spaces assuming that X„ n X^ = for a 7^ /3. Put 
Bm = {a G A„i : dimX^ ^ 0} and 1 <| B.^ |< rn for every m < t. Fix a point 
b ^ (J{^a ■ a e Let X = {6} U {[jiX^ : a G A}). Suppose that X^ is an 
open subset of X and {Hj^ = {b} U (U{^a '■ 01 G An, n < m}) : m < r} is a 
base of X aib.li Z = {5} U (U{^a : a G B^, m < r}), then cuj{X) C Z and 
k{cLo{X)) < k{Z) = 1{Z) = r. □ 

Example 3.8. Let r be a regular uncountable cardinal number, A be an 
infinite set, r <| A |, {Xa '■ a G A} he a. family of non-empty compact 
spaces, Xa Ci Xp = for a 7^ /?, B = {a G A : dimXa 7^ 0}, t =\ B \ and 
b ^ \J{Xa : a G A}. Let X = {b}U {\J{Xa : a G A}). Suppose that X^ is 
an open subset of X and {Uh = X \ [j{Xa : a G H} : H C A, \ H \< t} 
is a base of X at b. li Z = {b} U (U{^a : a G B}), then cw(X) C Z and 
k{cuj{X)) < k{Z) = 1{Z) = r. □ 

Example 3.9. Let t be a regular uncountable limit cardinal number and 
2™ < T for any m < t. Let {ma '■ a G A} he a family of infinite cardinal numbers 
such that \A\ = r, the set A is well ordered and < m^j, G A : fi < a}\ < r 
provided a, P G A and a < /?. For any a G A fix a discrete space of the 
cardinality nia- Let X = Il{Xa ■ a G A}. If a; = {xa : a G A) G X and P G A, 
then 0(/3, x) = {y = {ya : a G A) G X : ya = Xa for any a < /3}. The family 
{0{(3,x) : /3 G A,x G X} form the open base of the space X. The space X is 
paracompact and w{X) = 1{X) = t. It is obvious that c{X,t) = X, we have 
k{X) = . li a G A, then 7^ = {0{a, x) : x G X} is open discrete cover of X 
and |7„| = 2'"« < r. □ 

4 On the class 11(0) of spaces 

In the present section the class of all paracompact spaces X such that dimX = 
is studied. 
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Definition 4.1 A set-valued mapping ip : X — > Y is called virtual single- 
valued ifijj°°{x) = ijj{x) for every x € X. 

Remark 4.2 It is obvious that for a set-valued mapping 6 : X — > Y the 
following conditions are equivalent: 

1. 4' is a virtual single-valued mapping; 

2. tjj'^{x) = ipix) for every x G X ; 

3. ijj"'(x) = ip{x) for every x G X and some n > 2; 

4- ip{x) = ^{y) provided x,y € X and ipi^) ^ 0- 
5. '4'~^{y) = provided y,z €Y and ip~^{y) f\'(l)~^{z) ^ ^. 
Note that, if / : X — > Y is a single-valued mapping onto a space Y ^ then 
/^^ and / are virtual single- valued mappings. 

Denote with D = {0, 1} the two-point discrete space. 

Theorem 4.3 For a space X, the following assertions are equivalent: 

1. X is normal and dimX = 0; 

2. For every lower semi- continuous mapping 6 : X — > D there exists a 
virtual single-valued lower semi- continuous selection; 

3. For every lower semi-continuous mapping : X — > D there exists a 
virtual single-valued upper semi- continuous selection; 

4-. For every lower semi- continuous mapping 6 : X — > D there exists a 
single-valued continuous selection. 

Proof: Implications (1 4) is a well known fact. Implications (4 => 2) 
and (4 => 3) are obvious as every single-valued continuous selection is virtual 
single- valued. 

(2 1) and (3 1) Let Fi and F2 be two disjoint closed subsets of X. 

Put 0ix) = {0} for x G Fi, elx) = {1} for x e F2 and 9{x) = {0,1} for 
X € X \ {Fi U ^2). The mapping 6 : X — > D is lower semi-continuous. Suppose 
that A : X — > D is a virtual single- valued selection of 6. Put Hi = A~^(0) and 
H2 = A-i(2). Then Fi C Hi and F2 C H^., X = H1UH2 and Hi n H2 = 0. 
If A is lower semi-continuous (or upper semi-continuous)) the sets Hi,H2 are 
open (closed). □ 

Let T be an infinite cardinal number. A topological space X is called r- 
paracompact if X is normal and every open cover of X of the cardinality < r 
has a locally finite open refinement. 

Theorem 4.4 For a space X and an infinite cardinal number t the following 
assertions are equivalent: 

1. X is a T-paracompact space and dimX = 0. 

2. For every lower semi- continuous mapping 9 : X — > Y into a complete 
metrizable space Y of the weight < r there exists a virtual single-valued lower 
semi- continuous selection; 

3. For every lower semi- continuous mapping 6 : X — > Y into a complete 
metrizable space Y of the weight < r there exists a virtual single-valued upper 
semi- continuous selection; 

4- For every lower semi- continuous mapping 9 : X — > Y into a complete 
metrizable space Y of the weight < r there exists a single-valued continuous 
selection; 



21 



5. For every lower semi- continuous mapping : X — > Y into a discrete 
space Y of the cardinality < r there exists a single-valued continuous selection. 

Proof: Let 7 = {J7„ : a G A} be an open cover of X and |^| < r. Consider 
that A is a wcUordcrcd discrete space and 6'(x) = {a G ^ : x G for any 
X & X. Then is a lower semi-continuous mapping. Suppose that ij) : X ^Y is 
a a virtual single-valued lower or upper semi-continuous selection of 6. For any 
a; G X we denote by f{x) the first element of the set tjj{x). Then f : X ^ Y 
is a single- valued continuous selection of the mappings 6 and ip. Therefore 
Ha = f~^{a) : a e ^} is a discrete refinement of 7. The implications (2 1), 
(2 ^ 4), (3 ==> 1), (3 => 4) and (5 => 1) are proved. The imphcations (4 ^ 5), 
(4 2) and (4 3) are obvious. The implication (1 ^ 4) is wellknown (see [1, 
2]). □ 

Corollary 4.5 For a space X the following assertions are equivalent: 

1. X is a paracompact space and dimX = 0. 

2. For every lower semi- continuous mapping 9 : X — > Y into a complete 
metrizable space Y there exists a virtual single-valued lower semi- continuous 
selection; 

3. For every lower semi- continuous mapping 9 : X — > Y into a complete 
metrizable space Y there exists a virtual single-valued upper semi- continuous 
selection; 

4- For every lower semi-continuous mapping 9 : X — > Y into a complete 

metrizable space Y there exists a single-valued continuous selection; 

5. For every lower semi- continuous mapping 9 : X — > Y into a discrete 
space Y there exists a single-valued continuous selection. 

Remark 4.6 Let Y be a topological space. Then: 

1. If the space Y is discrete, then every lower semi- continuous virtual single- 
valued mapping or every upper semi- continuous virtual single-valued mapping 
9 : X — > Y into the space Y is continuous. 

1. If the space Y is not discrete, then there exist a paracompact space X and 
a virtual single-valued mapping 9 : X — > Y such that; 

- 9 is upper semi- continuous and not continuous; 

- X has a unique not isolated point. 

3. IfY has an open non-discrete subspace U and \U\ < \Y\U\, then there 
exist a paracompact space X and a virtual single-valued mapping 9 : X — > Y 
such that; 

- 9 is lower semi- continuous and not continuous; 

- X has a unique not isolated point. 

Remark 4.7 Let 7 — {Hy : y G Y} be a cover of a space X, Y be a discrete 
space and 9^{x) = {y € Y : x & Hy}. Then: 

- the mapping 9^ is lower semi- continuous if and only if"/ is an open cover; 

- the mapping 9j is upper semi- continuous if and only if "/ is a closed and 
conservative cover; 

- the mapping (p : X Y is a selection of the mapping 9-y if and only if 
{Vy = ip~^{y) : y G Y} is a shrinking ofj. 

Therefore, the study of the problem of the selections for the mappings into 
discrete spaces is an essencial case of the this problem. 
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